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A b s tract - Human cog nitive acts a rc directed to wards objects extended in space of a
\\'H.le range of diffe rent types. What follow s is a new proposal for br in g in g order into
thi s typologica l clutter. The th eory of spati ally extend ed objec ts s hould make room not
on ly for th e objects of physics bu t also for objects at hi gher levels, in c luding the
<lbjccts of geo g ra phy and o f relat ed disciplines. II s hou ld leave room for dilfcrent types
1
• f boundaries , incl ud in g both th e bona .fide bo und a ri es which we find in th e ph ysica l
world and th e fiat (or hurnan-dcn1arcation-indu ced) boundaries with which much of geography ha s to deal. Two distinct ax iomati c theories of bound aries arc accordingly presented, a nd the need for both is exam ined in s ome detail. Th e resultant du al framework
is shown to have app li cat ion above all for our und ers ta nding of iss ues involving co n:act, division . and separation, issues which have posed se rious difficulties fo r the onto log ical th eories of bound aries th at have been proposed hit herto.

L Articulations of Reality
The focus of our investi gat ions is the region of objects extended in space. Examples
of such objects arc: John and Mary, the Moon, the island of Malta. Obj ects arc possessed of divisible bul k: they can be di vided, in rea lity or in thought , into spatial
parts. But objects do not mere ly have constituent ohjcct -parts. They also have boundaries, which contribute as much to their ontological make-up as do the constituents
they comprehend in their interiors. Our basi c catcgorial scheme will thus recognize, in
add ition to obj ects, al so what we shall call the outer boundaries of objects.
What, now, of inn er bou ndaries, the boundaries of the interior parts of objects')
Imagine a perfectly homogeneous object, for example a spherical ball made of some
perfectly hom ogeneous prime matter. There is a sense in which there arc no bounda-

+Thanks a rc du e to the Nati ona l Cente r for Ge ograp hic In fo rmation and Analy s is
whi c h ha s provided va lu ab le su pp ort to Smith in hi s work o n th e present project.
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ries to be acknowledged within the interior of such an object, for it seems that the
possession by an object of genuine inner boundaries presupposes either some interior
1
spatial discontinuity or some qualitative heterogeneity (of material constitution, colour, texture, electric charge, etc.) among its parts. Thus there arc many genuine twod11ncns1onal (sphere- and torus-like) inner boundaries within the interior of John's
body in virtue of the qualitative differentiation of this body into organs, cells, etc. It is
clear, however, that we do sometimes speak of inner boundaries even in the absence of
corresponding physical discontinuities or intrinsic qualitative differentiation. Examples
are: the equator, the Intern a tional Date Linc, the North Pole, and so on. Even in relation to the imagined perfectly homogeneous sphere we can talk sensibly of its upper
and lower hemispheres, its centre of mass, etc.

of human conceptualization. Where, for example, are the borders of the Carribean? Of
·Do wntown Philadelphia"? Of (Greater) Serbia? Questions like these are sometimes of
mo re than academic significance . As Helen Couclclis points out: ' People kill each
other over boundaries of both the well-defined and the undefined kind' ( 1996, p. 55).

Let us call genuine inner boundaries of the first sort bona fide boundaries, inner
boundaries of _the second sort fiat boundaries.2 This distinction applies not solely to
inner boundaries but to outer boundaries, too. The surfaces of extended objects such as
planets or tennis balls arc of the bona fide sort. National borders, by contrast, as well
as county- and property-lines and the borders of postal districts, provide examples of
outer boundaries of the fiat sort, at least in those cases where, as in the case of Colorado, Wyoming or Utah , they lie skew to any qualitative differe ntiation s or spatial
discontinuities (coastlines, rivers) in the underlying territory.
But now, once fiat outer boundaries have been recognized, it becomes clear that
the bona fide- fiat opposition can be drawn not merely in relation to boundaries but in
relation to objects also. Examples of bona fide objects are: John and Mary, the planet
Earth . Examples of fiat objects arc: Dade County, the State of Wyoming, Doggcr
Bank. And there are of course also mixed cases, objects whose boundaries involve fiat
and bona fide segments, such as Alaska, the Northern Hemisphere , the North Sea . ft is
in relation to the fiat and mixed objects in our local geographic environment- above
all in relation to parcels of rea l estate- that one indispensa ble role of the surveyor in
our socic~y is to be understood. Were it th e case that only easily recognizable topographical features of this local environment were of significance in our lives, the role of
the surveyor would be confined to the mapping of large-scale features of the terrain,
features inaccessible to unaided perception , which arc of importance for navigation ,
route-plannin g and the like.

It will suffice, for present purposes , to confine our attentions to those outer
boundaries of objects which can properly be conceived as thin extre mal slices. Clarity
m rclat1on to boundaries of this sort will be an indispensable prcsupposirion of any
more general theory. Certainly there arc other varieties of boundary phenomena, including those boundaries commonly conceptualized in terms of zones-objects of the
types d_epicted for example in weather maps, dialect atlases, and the like. A . full theory
of spatially extended objects must of course cover these ca.'>cs also , and it must cover
also those varieties of objects which have shifting borders (coastal borders are of this
sort) as well as varieties of objects which exist in spatial reality but which arc yet in
some sense indetenninatc because they arc infected to a high degree by the component
1
2

Sec Casati and Yarzi 1994, Ch. 6, "The Natural History of Discontinuities".
This terminology was first introduced in Smith 1994, I 995a.

2. Problems of Contact and Separation
Co nsider now a fundamental question that arises as soon the ontological status of
boundaries is seriously taken into account. A boundary separates two entities or two
pa rts of the same entity, which arc then said to be in contact with each other. How is
this contact to be explained? Take the case of the boundary separating the sea from the
air. Shall we say , following Brentano (1976), that there arc here two boundaries (one
of air and one of water) which arc exactly co-localized? Or shall we rather follow
Bolzano ( 185 I) and maintain that contact is only possible between one entity with a
surface and another without, so that , if water and air m·c to be in contact, then one or
the other would have lo lack a surface?

2. 1 . Varieties of Contact
We take it that denying the poss ibility of all contact between separate objects would
involve too radical a departure from common sense. To be sure, natural language docs
not distinguish between true topological contact (or connection , as we may also say)
and mere physi cal closeness. Imag ine that two bodies , say John and Mary, converge
upon each other for a greater or lesser interval of time, for example in shaking hands
or kissin g. Phys ically speaking, as we know , a complicated s tory has to be told in
such cases as to what happens in the area of apparent contact of the two bodies, a
story in terms of sub-atomic particles whose location and whose belongingness to
either one or other of the two bodies arc only statistically specifiable: as far as the
bona fide outer boundaries of John and Mary <U-C concerned, no genuine topological
contact is poss ible a t all. In general , the surfaces of distinct phy sical bodies cannot be
in contact topologically, though the bodies may of course be so close to each other
that they appear to be in contact Lo the naked eye.
This, howe ver, leaves the question open in those cases where th e two candidates
for contact arc not physical objects. At the very least we want to say that every object
must be in contact with its complement (i .e. , with the entity that results when we
imag ine this object as having been subtracted from the universe as a whole). But even
this is enou gh to cause problems. If a circle is divided down the middle into black and
white reg io ns, to which reg ion docs the line of demarcation belong? To which nation
does the boundary between Italy and San Marino belong? Is a body at rest or in motion in the instant when it starts 10 move? 3 Such puzzles serve together to call into
qu es tion the realist attitude towards boundaries , which have accordingly been a~signcd
to almost total oblivion in the history of metaphysics.

3 Sec Gallon 1995 and Smith 1997.
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More careful reflection, however, allows us to view the above as the conflict of
intuitions concerning the question whether talk of boundaries must always involve a
distinction between closed and open entities-i.c., a distinction between ent1l!es that
do and entities that do not include their boundaries among their constituent parts. 4 We
shall argue that the view according to which bounda ries exist and yield an open/closed
dichotomy (a view that amounts to an ontology based on ordinary topology) ts con-:ct
when the relevant varieties of contact involve bona fide boundancs. However, fiat
boundaries, and the analogue of contact which they involve, call for a different account
which dispenses with the open/closed di stinction altogether. In fact we shall argue .that
a combination o f these two positions will he needed by any complete account of the
formal ontology of boundaries.

grounded on a model of cuui ng that we find questionable (V arzi 1997). Topologically,
the intuitive feeling that dissecting a solid reveals matter in its interior and "brings to
light new su1i'aces" (Adams 1984, p. 400) is ill-grounded. Rather, the model we
should have in mind, if we wish to understand what happens topologically when a
process or cutting takes pl ace, is that of a splitting oil drop. The drop gro ws longer,
slowly but grad ually. As it gro ws, the middle part shrinks and gets thinner and thinner. Eventually the right and left portions split, and we have two drops, each with its
own complete boundary. A lo ng , continuous process suddenly results in an abrupt
topologica l change. There was one drop; now there are two. There was one surface,
and this surface eventually separated into two. (Think also of a soap bubble splitting.
O r think of an island gradually dividing into two.) There appears to be something
mysterious in this process, but the mystery would disappear on a more complete a~
sessmcnt, which would require a step into the territories of kinematics and surface
elasticity (Dav is 1993).
This account reduces the problem of c utting to that of separating two spheres
that arc connected by one tiny point. But docs this really solve the problem? For
where docs this one point belong-lo the left sphere or the right one? Our answer is
very simple: the point belongs to both- they overlap. Later we shall explain this
more satisfactorily in terms of the notion of fiat boundary . But even without the formal details pertaining to the latter notion , our explanation can he anticipated. There is
a tendency to sec the phenomenon of cutting as an intuitively clear process that a
boundary - b<t~cd topological account is incapable of explaining; we arc arguing that
this is misguided. In fact, the problem of cuttin g is a highly technical one, and not an
intuitive question al all- it cannot and should not he solved by a ny innocent
pre-theoretical appeal 10 naive intuitions. There is indeed something deeply problematic about the point of separation, but this is true of every topological change. Consider:
I) Two drops of oil move toward each other until they come into contact (the
opposite of separation). There is a topological catastrophe- literally- that now lakes
place: the topology of the overall co nfi guration is suddenly altered. Two surfaces
merge. Two drops become one.
2) You drill a tunnel into the side of a mountain and break through to the other
side. Once again we may speak of a topo logical catastrophe taking place al the termination or such a process; the topology or the object undergoes an abrupt, qualitative change. To make things simpler we may a lso ignore the comp lication s involved
in the process or drilling-a process that involves removal of matter. Just think of a
piece of soft plasticine (or a mushy blob) through which you make a perforation by
slowly pressing your fing er: there then occurs a constant elastic deformation which
terminates when your lin gcr- mirahile dictu- breaks throu gh to the other sidc. 7
3) You can also brin g a hole into existence by different means- for instance by
gluing. Imagine for instance that an island starts growing a "finger" somewhere, Suppose the finger continues its gro wth until it eventually comes round to meet the main

2. 2. The Open/Closed Opposition
Those who sec the puzzles concerning demarcation referred to above as amounting to a
threat to a realist attitude toward boundaries rely- more or less explicitly-on an ;u·gumcnt that runs like this: ( J) Admitting boundaries implies the open/closed distinction. But (2) the open/closed distinction is counterintuitive- it runs against common
sense. (Surely, if we cul an object in half, we arc not left with one piece that ts closed
and another that is not.) Thus (3) we must do without houndancs (and without the
open/closed distinc tion) and regard talk of boundaries as a mere ft1ro1: de par/er about
other things-for example (as on standard mathem atical treatments o1 the conltnuum )
about infinite series. 5
We can resist this argument in a number of ways. To begin with, admilling
boundaries docs not by itself imply the open/closed distinction; hence the premiss (I)
of the argu ment is actually false. This will be seen in some detail below, in relation
10 the theory of fiat boundaries.
Second, the open/closed distinction is not by itse lf at odds with common sense;
rather, it seems to fall outside the domain of mcsoscopic phenomena in relation to
which common sense- and naive gcography--can claim authority. Thus premiss (2)
is false also. There may indeed be some familiar entities in relation to which the distinction seems reason able. Holes, for instance, arc bounded from the outside: the
boundary of a hole is the surface of its material host (Casali and Varzi 1996) 6
.
Third, and most important, the main worry ahoul the open/closed d1st111cl1on-:that if we cut an ohjcct in half, one piece will be closed and the other not- ts

4 An entity may include parts of its boundary, but not the whole, and th ereby
qualify as partly closed and partly open. In the following we shall ignore the compl1 ca lion s that arise in such cases and speak of partly open objects as being open tout co urt .
We shall restore the strict 1erminology in the formal developments of Section 3.
5 This position is well exemplified in the recent literature by Tony Cohn and his
Al group (whose main concern, however, is not ontology but efficient qualitative reasoning). Sec see e.g. Randell, Cui, and Cohn 1992, esp. pp. 394!.
6 See also Asher and Vieu 1995 on the idea that materi al objects ha ve open complements. For other families of examp les sec Jackendoff 1991 .

7

For more on this , sec Ch. 6 of Leyton 1992.
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body of the island once again, forming a sort of handle. At the instant that it does so,
the topology of the object suddenly changes.
Stories like these all involve something genuinely problematic. And there is
nothing wrong with this. Topological mystery is all around us. It marks the point
where common sense and naive geography reach the limits of their theoretical competence (Smith l 995a, Egenhofer and Mark 1995).
From the perspective of physical science, in contrast, ordinary physical objects
arc not continuous and do not have boundaries of the sort countenanced by the common-sense ontology of the world. If the solid bodies of common sense arc replaced by
intricate systems of subatomic particles , speaking of a body's surface is like talking of
the flat top of a fakir's bed of nails. 8 Surfaces become imaginary entities enveloping
clouds of matter at lower levels, and their shape and properties involve the same sort
of arbitrariness as is involved whenever any graph is created by smoothing out a set of
scattered data. Then the mysterious moments of topology lose all their mystery. You
make a tunnel by removing the last molecule or atom. You split two things when
you pull apart the last two molecules or atoms in such a way as to create a gulf between them. No mystery is left. But what follows from this? Not that we should give
up talk of boundaries (and topological talk) altogether. For even if we wish to stay
close to the ontology of the physical sciences, the fact remains that space itself is
most naturally regarded as a continuum within which things arc free to move. And if
topological talk is deemed inadequate with respect to the entities of atomic physics,
one still needs it when it comes to the spatial regions occupied by the putative objects
of ordinary discourse.

question then is: Where do we place the boundaries corresponding to those regions?
\V1thin the hole? Within the sky? Either choice would seem arbitrary.
Part of the problem here lies in the trade-off between our theory of objects mid
theory of boundaries. The latter must explain what it means for two things to be
, nnnected, but it does not need to give a full explanation of the underlying mctaphysi(or physical) grounds. Thus, whether the boundary between hole and complement
belongs to the hole or to the complement-or whether the boundary is of the fiat or
bona fide type-is a question which might be answered specifically by the theory of
holes, not by a general theory of boundaries.
However this is not the whole story. For consider again the cutting of a solid
object. We argued that the cutting docs not bring to light a new surface. But, of
course, we can at least conceptualize a new, potential surface right there where the cut
would be. As we have seen , our ordinary description of the world very often and quite
naturally makes reference to fiat boundaries of this sort, even in the absence of any
corresponding discontinuity or qualitative heterogeneity among the parts of the objects
involved. And here the open/closed distinction seems to face a real problem. For in the
case of fiat boundaries there is no fact of the matter that can support their belonging to
one or the other of two adjacent entities. Hence we cannot defer the solution to a theory of the extended entities at issue. The boundary demarcating the upper and lower
halves of a sphere of homogeneous stuff is not only hard to assign to either half; it
cannot be assigned, no matter what our theory of spheres might look like. And we
cannot simply say that it belongs to neither, treating both halves as semi-open entities. The upper and lower hemispheres use up the whole sphere by definition-no
boundary can be left as a thin, unowned slice between them.

2. 3. The Ownership of Boundaries
We still have a puzzle, however. Take any object x. Docs the boundary of x belong to
x or to its complement? Docs the boundary inherit the qualities-for example, colour
qualities-of x or of its complement? There is no room for topological mystery here.
Y ct how can we answer these questions without selecting one or other tcnn at random?
Some cases seem clearer than others. Ordinary material objects, for instance, arc
in unproblematic fashion the owners of their surfaces. Thus, where a complement
meets an object of this sort, the object will be closed and the complement open. We
may also argue on the other side that immaterial bodies such as holes are not the
owners of their boundaries: where a hole meets its material host, the boundary of the
hole is the surface of the host. Again this is unproblematic, since the hole is itself a
part of the host's open complement. But even such simple cases may give rise to
certain puzzles. For consider any hole that is not entirely surrounded by matter-like
the mouth of a vulcano or a hollow such as the Grand Canyon. The hole is in contact
with the host; hut there arc also some regions of its boundary---corrcsponding to the
openings of the hole facing up towards the sky-that are not thus in contact. 111c
8
The terminology is taken from Simons 1991, p. 91. We do not of course deny
that classical mechanics is built on the assumption of continuous, well-bounded bodies
and that this assumption still retains its value for many purposes.

2. 4. Coincidence of Fiat Boundaries
It is here that the peculiarity of fiat boundaries comes into play. Fiat boundaries arc in
a sense potential in that they do not actually separate anything from anything-they
do not mark any actual discontinuity. However, it is not that they can come to mark a
discontinuity by having their status changed from fiat to bona fide. For fiat boundaries
are not the boundaries that would envelop the interior parts with which they are associated in case those parts were brought to light by separating the remainder. The categorial distinction between fiat and bona fide boundaries is absolute. Cutting the Earth
in half would not bring the equator to light in such a way that one and the same entity
would be transformed from fiat to bona fide status. Rather, it would yield two Earthhalves, each enveloped by a closed connected surface, in such a way that the equator
itself is gone forever.
The open/closed account for bona fide boundaries is thus not affected by those
demarcation puzzles raised by the possibility of drawing fiat boundaries at will. But
how do we account for the ownership of fiat boundaries as such') Which hemisphere
does the equator belong to? The answer is that the two hemispheres actually share the
equator. The equator belongs to both. Or, more precisely, each hemisphere has its own
equator, and the two equators coincide (i.e., have the same spatial location).
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This suggestion draws on Brentano's view, which in fact regards the possibility
of coincidence as a di stinguishing feature of all boundaries. Brentanian boundaries are
located in space-time, but they do not occupy (fill out) space-time; they can therefore
be co-located one with another. 9 This means that for Brentano there is no need for the
open/closed opposition, since for him topological connection is due to boundary coin cidence. However, we need not embrace this account as a general theory of boundaries.
Thus we may not wish to go as far as saying that if a white and a black surface are in
contact with each other, then a white and a black line coincide.10 For we have seen
that the demarcation puzzle is not a problem for the general theory of boundaries when
the demarcation is due to a genuine qualitative discontinuity (a bona fide boundary).
Rathe r, we want to regard Brentano 's theory as a theory of what goes on when two
(potential) parts of an actual entity arc separated by fiat. It is when it comes to the
notion of contact or adjacency induced by fiat boundaries that coincidence relations
become relevant. We can still speak o f the equator as a single thin g. But, strictly
spca.king, such a thing is to be recognized as bein g made up of two perfectly coinciding fiat boundaries bounding the Northern and the Southern hemispheres, respectively.
When two soil- or vegetation-types give the appearance of having boundaries which
coincide in the region where they come together, thi s is, from the standpoint we me
now defending, appearance only: the phe nomenon of coincidence of boundaries is restricted e ntirely to th e fiat realm , and we arc confident that close examination of the
u.ndcrlying physics of the soils or plants in question would lend support to this posit10n.

3. Formal Developments
We thus have two complementary boundary theories. According to the first, more
classical theory, genuine contact is only possible between two entities one of which is
open and the other closed in the relevant area of co ntact. The theory of boundary phcn.omena of the second sort (those involving fiat boundaries) turn s on a contrary in sight, according to which what is above all characteri stic of a continuum is the possibility of a coincidence of boundaries.
T he two theories arc not completely in disagreement. For instance, both bona
fide and fiat boundaries arguably share a fundamental property: they are ontologically
parasitic on (i.e., cannot exist in isolation from) their hosts , the entities they bound.
This is a common feature that an overall theory of boundary phenomena should emphasize. On the other hand, the two theories yield different notions of contact, and so
should be kept distinct. In this final section we shall attend to the task of providing a
precise formulation of both theories , starting with their common core and moving
then to the two needed supplements.

9
Brentano's views have been examined by Roderick Chisholm in a number of
papers (see e.g. 1984, 1992/3). Sec also Smith 1997, which provides a detailed formal
lhcory . 0 n the distin ction between location and occupation, sec Casali and Yarzi 1996.
10 Sec Brentano 1976, p. 41; see also Brent ano 1924, pp . 357f.

,\. I . The Common Core
Ilic fundamental ontological property of boundaries was given a clear formulation by
l\rcntano himself (who in turn elaborated on Aristotle 's sketchy remarks in the
l'lnsics and the Metaphysics): if something continuous is a mere boundary , then it
(an never exist except in connection with other boundaries and except as belonging to
;i L: ontinuum of higher dimension (Brentano 1976, Part I). There arc, in reality,
no isolated points, lines , or surfaces, just as there arc no isolated shadows or holes.
Th is must he said of all boundaries, including those which possess no dimension
at all , such as spatial points and mom e nts of time and move ment: a cutting free
from everythin g that is continuous and extended is for them, too, absolutely im possible.
It is of course impossible to do justice to ideas of this sort without resorting in
~o m e way to modal notion s. However, we shall attempt in what follows to embed the
dependent nature of boundaries into a basic non-modal mcrco logical (more ge nerally ,
mcrcotopological ) framework.

3 . 2. Mcreology
Mcrcology is the formal theory of part-relation s- the relations of part to whole and of
part to part within a whole . For simpli c ity , wc shall assume a standard extensional
mercological framework constructed around the primitive is a pw1 of, which we symbolize by means of 'P'. 11 (Intuitively, we take ' P(x,y)' to be true when x is any sort
of part of y , including an improper part, so that P(x,y) will be consistent with x's
being identica l toy.) H we define proper parthood and overlap in the usua l way:
DPI
DP2

PP(x,y) := P(x,y) A -.P(y,x)
O(x,y) ::::: 3 z(P(z,x) A P(z,y)),

then the axioms for this mcreolog ical backgro und can be formulated as follows: 12
API
AP2
AP3
AP4

APS

P(x,x)
P(x,y)
P(x,v)

P(y,x) ---') x = y
P(y,z) ---') P(x,z)
PP(x,y) ---') 3 z(P(z,y) /\ • O(z,x))
3x(<j>x)---') 3y\7' z (O(y, z) H 3x (<j>x A O(x,z))).
A

A

Thus, parthood is axiomati zed as a reflexive, antisymmetric, and transitive relation
(i.e., a partial ordering) by APl-AP3. In addition, AP4 ensures that the result of removing a proper part always leaves a remainder, whereas AP5 guarantees that for
every satisfied property or condition <1> (i.e. every condition <1> that yields the value true

11 For an introduction to classLal extensional mereo logy and its main variants,
sec Simons 1987. On mercological topology sec Smith 1993 and Varzi 1996a.
12 Herc and in the sequel initial universa l quantifiers are to be taken as understood
and variables are to be conceived as rangin g over all entities , whether extended or boundary- like .
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Im ltl

arg uml· nt) there exists an entity, the sum or fusion, containing all the
liff1<1!\g ih pan s. 11 T his entity will he denoted hy crx(<t>x ) and is defined contcxtu11" follows.

DB2

1111\;

DP3

DP4

nx(<t>x) := crz \ix (<1>x ~ P(z, x)).

Other useful notions arc also easily defined. In particular, we shall have use for the
following qua<;i-Boolcan operators of sum, product and complement:
DPS
DP6
DP7

lh·~n AB1 - AB3 (ABl'- AB3') are easily seen to be tantamount to (the mereologized
\Tt~i o ns of) the familiar Kuratowski axioms:

crx(<t>x) := ty\iz (O(y,z ) H 3x (<t>x A O(x,z))).

Wi th the help of this operator, we can immediately define a corresponding operator for
arbitrary products (of overlapping entities); the product of a class of <t>-ers is simply
the sum of their common parts:

x+y
xx_v
-x

:= crz (P(z, x) v P(z, y))

:= crz (P(z, x)" P(z., y))
:= crz(--,O(z.,x ))

c(x) := x+b(x),

TBI
TB2

P(x, c(x))
P(c(c(x)), c(x))
c(x+y) =c(x) + c(v).

TB3

We thus have a straightforward reformulation of much of standard topology
h<t~cd on mcrcology instead of set theory. In particular, AB I tells us that bona fide
boundari es arc always symmetrical, in the sense that every bona fide boundary of an
,; 11 tity

is also a boundary of the entity's complement. This allows us to define the

relation of connection as follows:
DB3

C(x,y) := O(c(x) , y) v O(c(y), x).

Accordingly, if we define adjacency as external connection , i.e. , connection without
overlap:

3. 3. The Theory of Bona Fide Boundaries
Let us now proceed to the formulation of the hasic principl es for houndarics. We shall
hegin with the theory of bona fide houndarics, which effectively corresponds to m1
ontology based on ordinary topology ; we shall then move on to the theory of fiat
houndatics.
We shall symbolize the primitive boundary relation by 'B', reading 'B(x, y)' as
"xis a (bona fide) boundary for y". We say " boundary for" , rather than of, to avoid a
too narrow interpretation of boundaries as 11wximal boundaries. The notion of a
maximal boundary of xis then defined, using APS, as the sum of all boundaries for x:
DBI

b(x) := crz (B( z, x)).

The basic ax ioms for 'B' can now be given as follows:
ABI
AB2
AB3

B(x, y) ~ B(x, -y)
B(x, y) " B(y, z) ~ B(x, z )
P(z, x) A P(z, y) ~ (P(z, b(xxy)) H P(z, b(x)+b(y)) ).

Equivalently, we could set:
AB!'
AB2'
AB3'

b(x)=b(-x)
b(b(x)) = b(x)
b(xxy) + b(x+y) = b(x) + b(y).

These correspond to the standard axioms for topological boundaries. In fact, if we d:fine the operator for topological closure in the obvious way, as always yielding the
s um of an entity with its maximal boundary:

13

Yarzi 1994 provides an extended treatment of the problems here al issue.
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A(x , y) := C(x , y)

A

-.O(x, y),

and ifwc define closed and open entities in the obvious way:
DBS
DB6

Cl(x)
Op(x)

:= \iz(B(z, x) ~ P(z, x))
:= \iz(B(z, x) 4 P(z, -x)),

then we can immediately infer from the above that two entities can he adjacent only if
they arc not both closed or both open:
TB4

A(x , y) 4

(Cl(x) ~ -.C l(y))" (Op(x) ~ -.Op(y)).

Thus. contact between two closed entities is not possible if contact is understood in
terms of connection. The contac t between John and Mary when they shake hands or
kiss is something which falls outside the orbit of topology; it requires a different (e.g.
metric) account.
He re is a list of further theore ms that can be proved from AB l-AB3:
TBS
TB6
TB7
TB8
TB9

C(x , x)
C(x, y) ~ C(y, x)
B( x , y ) H \iz(P(z, x) ~ B(z, y))

P(x, y) 4 \iz (C(z, x) ~ C(z, y))
\ix(<t>(x) ~ B(x , y)) ~ B(crx(<t>x), y).

The last two of these theorems arc especially noteworthy. TB8 hi ghlights the main
connection between mcreological and topological notions . There arc mcreotopological
theories which also assume the converse of TB8, with the effect of reducing mercology to a part of topology. 14 By contrast, the possibility that topologically connected

14

These theories go back to Wbilehcad 1929. Sec Cl arke 1981 for an influential
formulation , in part embraced also by Cohn and his followers.
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no mereological relationship to one another leaves room for a much
nchcr taxonomy of basic mereotopological relations and is therefore preferable (Varzi
I
As for TB9, this is what justifies our definition DB I as a definition of the
boundary of an object; it shows that boundaries are closed under general sum and therefore under all mereological properties.
At this point, we can get closer to a standard topological structure in various
ways by strengthening the set of relevant axioms as desired. In particular, wc obtain a
structure corresponding to that of a topological space in the usual sense (modulo the
mereological rather than set-theoretical basis) by imposing the analogues of the usual
closure conditions:

. Thus AB6 is satisfied by choosing w open (so that IP(w, w)) and setting z equal
scattered object x+w, which trivializes the thesis.
A dependence thesis of the required strength must impose on z in AB6 at least
additional requirement of being self-connected (being all of a piece). This predicate
be defined in agreement with ordinary usage, according to which an entity is conHccted if it does not amount to the sum of two disconnected parts:

ent111es bear

AB4
AB5

Cl(x) A Cl(y) ~ Cl(x+y)
\ix(<j>x ~ Cl(x)) ~ (z:::::nx(<jlx) ~ Cl(z)),

or, equivalently:
AB4'
ABS'

A Op(y) ~ (z=xxy ~ Op(z))
\ix(<jlx ~ Op(x)) ~ Op(crx(<jlx)).

Op(x)

IP(x,y) := P(x,y)

A

....,O(x, b(y));

Bd(x) := 3yB(x, y).

Bd(x)

~

3z(B(x,z)

A

AB6'

Bd(x) /\ Cn(x)

~

3z (Cn(z) /\ B(x,z) /\ 3w IP(w, z)).

contrast to the classical topological account, the theory of fiat boundaries leaves
room for the possibility that certain boundaries be asymmetrical (so that we might in
certain circumstances talk of 'oriented boundaries'). That is, certain boundaries may,
on this view, be boundaries only in certain directions and not in others. (Think, for
example, of the old boundary between the German Democratic and Federal Republics,
which was a boundary in one direction only.)
The Brentanian theory may be formulated by taking as primitive the concept of
coincidence. This is to be understood intuitively as a relation that obtains between two
boundaries whenever they have exactly the same spatial location. Coincidence, as we
shall here use the notion, is also to be understood as the sort of thing that pertains
exclusively to boundaries. Extended bodies do not coincide (not even with themselves);
nor do they coincide with the spatial regions they occupy.
The basic axioms for coincidence-which we symbolize by '"'' - assert that this
relation is symmetric and transitive:
A"'I
A"'2

x "'y ~ y "'X
(x ""y /\ y "' z) ~ x "'z.

Thus, coincidence is conditionally reflexive:
X"'Y

~xzx.

3wIP(w,z)).

This is not very strong, however. For as it turns out, we always have B(x,y) ~
B(x,y+w) for any arbitrary w that is separate from (i.e., not connected to) the closure

l5

z)).

To this we add a further summing principle to the effect that, if two entities coincide
with two further entities, then the mereological sum of the first two coincides with
the mereological sum of the second two:

We can then write:
AB6

~ C(y,

can then amend AB6 to the following thesis affirming, for connected boundaries,
existence of connected wholes which they are the boundaries of:

we define also, for convenience, the predicate is a boundaty:
DB8

Cn(x) := \iy\iz (x=y+z

4. The Theory of Fiat Boundaries

(In ABS and AB4', the consequent is in conditional form due to the need to take account of the absence of a null individual.)
This yields a basic reformulation of standard topological idc<L-> which we take to
provide an adequate account of the theory of contact yielded by bona fide boundaries.
We now wish to go further and capture the Aristotelian-Brcntanian (and indeed commonsensical) idea that boundaries arc "parasitic" entities. This thesis-which stands
opposed to the ordinary set-theoretic conception of boundaries as, effectively, sets of
points, each one of which can exist though all around it be annihilated-has a number
of possible interpretations. One general statement of the thesis would assert that the
existence of any boundary is such as to imply the existence of some entity of higher
dimension which it bounds. Here, though, we must content ourselves with the formulation of a simpler thesis, to the effect that every boundary is such that we can find an
entity which it bounds and which is such as to have interior parts. 15 To this end, we
define the relational predicate of interior parthood:
DB7

DB9

See Varzi 1997 and Smith 1993, 1997 for the more general formulation.

(x "'y /\ w "" z) ~ x + w "'y + z.

We may also need to add mixed mereological postulates to guarantee at least
weak monotonicity and closure under general sum:

A"4
A=5

P(x,y) /\ y"' z ~ 3w(P(w,z) /\ x"' w)
(3y(<jly) /\ \iy(<j>y ~ x = y)) ~ x"' cry(<jly).
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'iUm

' ill jilll!ln!l ar ,
r mid

If .\

Coi nc ides With both )' and

(x "' y /\ x "' z) ~ x = y
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Z,

then it coincides also With the

+ z.

A=7

r:ro m A""5 we can prove also that, for satisfied<!> and \jf , concidcncc of all instances
implies coincidence of corresponding mcrcologica l sums:

T=3

'v'x'v'yl(<!>x /\ \jfy) ~ x = y) ~ a x <!Jx = a y\jfy.

. . Finally, we must adopt an axiom to the effect th at parts of sclf-coincidc nts sclfcomc1dc:
A=6

x "" x ~ 'v'y(PP(y,x) ~y

= y) .

This g.uarantccs that if we now define fiat boundaries as those entities which m ay enter
the comc1dcncc rel ation: 16
O"" I

rn pl ace of ' Bd' and ' B ' in the formulations (AB6 and AB6') given in the previous
m:t1 <H1. In particular, the fiat anal og ue of AB6' becomes :

Bd *(x) := x = x,

Bd *(x) /\ Cn(x) ~ 3z (C n(z) /\ B*(x,z) /\ .3w IP(w, z) ).

Thus, the theory of fi at boundaries presupposes, in an important sense, the thcy of bona fide boundaries (through the notion s of interior part hood <md connectedness , respec tively IP and Cn). T his is reasonable, li.ir we have seen that bona fide
h1llmdaries contribute as much to the ontological make-up of objects as do their exlcnded constituent s. By contrast, the demarcations induced by fiat boundaries arc not
grnu nded in any intrinsic features of the underlying re ality, and corres pond only to
,:ognitive phenomena such as th ose induced by o ur use and understanding of political
maps and cadastral surveys . Fiat boundaries arc in this sense superficial only, though
the ir importance for human hi s tory is of course far from negli g ibl e .
01

4. Concluding Remarks

then every part of a fiat boundary is itscl fa fiat boundary:

T"'4

Bd *(x) /\ P(z, x) ~ Bd *(z).

. Weare now ready to de fin e Brcntanian connection- connection by fi at boundary.
The idea is that thi s form of connection obtains betwee n two adjacent entities whenever their bo undaries coincide at leas t in part. T o this end, let us define the re lational
concept of a fiat boundary of an e ntity (the fiat analogue of 'B '). Fiat bou ndaries arc
nece ssarily boundary parts- proper parts of the entities they bound:
0 =2

13 *(x, y) := Bd *(x) /\ PP(x, y) .1 1

W e can then defin e the sort of connection that is induced by fiat boundaries as follows:
0 =3

C*(x , y) := O(x, y) v 3z31t'(B*(z , x) /\ B*( w, y) /\ z

= w).

Note that the diffe rence between thi s and the notion of connection de fin ed for bona fide
boundaries (DB3 )unnes lo light only in the case of adjacent entities. If the boundary
through which adjacent cnt1t1cs arc connected is a bona fide boundary , then thi s by
dcf1mt1on bounds o ne entity from the insid e and the other from the outside . (Sec <wain
TB4 .. whi chdTcctively represents the Bolzanian view of external contact. ) If by ~on
trast His a I 1a t boundary (i.e ., a matter of coincide nt Brcnta nian bound ari es), th e n each
entity 1s bounded, as it were, by its own fi at boundary.
At thi s point , we can formul ate the fiat analogues of the fundam ental princ iple
of ontological de pendence . This is done s imply by taking the predicates 'B d *' and 'B*'
16 If

We hope to have sho wn that an adequate typology of boundaries must involve an oppos ition between bona fide (or physica l) and .Jim (or human-demarcation-induced)
boundar ies. Many of the problems connected with the common -sense notions of adjace ncy, contact. separation and division can be resolved in an intuitive way by recognizing thi s bicatcgorial nature of bound aries. Bona fid e boundaries yie ld a notion of
contact tha t is e ffective ly modeled by classical topolo gy ; the a nalogue of contact in vo lving fiat boundaries calls for a different acco unt, ha<>cd on the intuition th at such
bo undaries do not support the open/closed distinction of classical top o logy. Our sugges tion is that it is a combination of these two pos iti o ns which will provide th e correct fram e work for investi gatin g the ontology of boundaries and of the full range of
spatially ex te nded objects which they hound.

. 'd
co111c1 ence were undcrs1ood broadl y so as 10 hold of 01hcr c111i1ics bes ide s
bou11darics, th en ' Bd *' (or 'B*' below) would have 10 be lakcn as primi1ivc and th e condnwn al corresponding to Ihc left -Io-ri ght dircc1ion of D~ I wo uld 1urn inlo a11 axiom .
17
There is a form of de re necessit y invol ved in 1hi s clai111 1ha1 is los1 in Ille
purely extensional definition given in D~ 2. Sec Smi1h 1997 for fur1h cr dclails.
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